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E:é ‘ EXAMPLE 1 Use rectangles to estimate the area under the parabola y = x* from 0 to 1

(the parabolic region § illustrated in Figure 3).
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@ Definition The area A of the region S that lies under the graph of the contin-
uous function f is the limit of the sum of the areas of approximating rectangles:

A = lim R, = lim [f(x)) Ax + f(x2) Ax + -+ + f(x,) Ax]
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A= lim‘L,, = lim [ f(xo) Ax + f(x;) Ax + -+ + f(x,-1) Ax]
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EXAMPLE 3 Let A be the area of the region that lies under the graph of f(x) = ¢™*
between x = 0 and x = 2.

(a) Using right endpoints, find an expression for A as a limit. Do not evaluate the limit.
(b) Estimate the area by taking the sample points to be midpoints and using four sub-
intervals and then ten subintervals.

SOLUTION
(a) Since a = 0 and b = 2, the width of a subinterval is
2—-0 2
Ax = = —
n n

Sox; = 2/n,x,=4/n,x3 = 6/n,x; = 2i/n, and x,, = 2n/n. The sum of the areas of
the approximating rectangles is

R, = f(x;) Ax + f(x2) Ax + - -+ + f(x,) Ax

= (3_""AX + e—.\‘z AX + . + (?_""’ Ax

— 62/11<£> + e4/n<£) 4+ .4+ 62"/"<£>
n n n

According to Definition 2, the area is

. .2
A= llm R,, — hm _((3_2/” + 6_4/', + e—()/n + o+ e—2n/n)
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Using sigma notation we could write
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y (b) With n = 4 the subintervals of equal width Ax = 0.5 are [0, 0.5],[0.5, 1], [1, 1.5],
‘ and [1.5, 2]. The midpoints of these subintervals are x;* = 0.25, x;* = 0.75, xi* = 1.25,
! y=e and x;° = 1.75, and the sum of the areas of the four approximating rectangles (see Fig-
:\ ure 15) is
LTS o .
Lo >'<|=‘"=r~ My =3 f(x) Ax
| | | 1 i=1
0 1 2 x
= £(0.25) Ax + f(0.75) Ax + f(1.25) Ax + f(1.75) Ax
FIGURE 15
= ¢ "5(0.5) + ¢ "7(0.5) + ¢ "¥(0.5) + ¢ '7(0.5)
— %(8—(),25 + 7075 4 o715 4 (,—l.vs) ~ (.8557
So an estimate for the area is
y A = 0.8557
1 With n = 10 the subintervals are [0, 0.2],[0.2,0.4], .. ., [1.8, 2] and the midpoints are
xF =01, =03 xF=05,...,. i = 1.9. Thus

A = My = f(0.1) Ax + £(0.3) Ax + £(0.5) Ax + -+ + £(1.9) Ax

0 1 2 X =020 +e P+ e+ i+ ) = 0.8632

FIGURE 16 From Figure 16 it appears that this estimate is better than the estimate withn = 4. ®
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